where A is a (real or complex) parameter. Equation (1), for special values of A and m, occurs in many important and classical problems since the time of Euler. Euler [l0]2 considered m = l and a partial differential equation (denoted by E(ß, ß') by Darboux [8] ) which is equivalent to (1) when j3=/3' = A/2. The equation (1) with m = l was later treated by Poisson [l7] . An exposition of the theory of Euler and Poisson is given by Darboux [8] . These treatments were not concerned with the singular initial values (2) . The important special case nt -l, A = 1/3, of (1), (2) , plays an important rôle in the work of Tricomi [22] . Poisson [l8] , in solving the equation of the propagation of sound waves in three-dimensional space, considered the case m = 3, A = 2 in (1). Asgeirsson [l] gave a solution of (1), (2) for all positive integers m and A = m -1. Related questions were treated by John [12; 13]. Equation (1), for m = l, k=-1, -2, -3, • • • , appears in the work of Martin [16] and Diaz and Martin [9] . Kapilevic [14] has given solutions of (1), (2) for w = l, 2 and 0<A<1.
The most frequently discussed special case of (1) is, of course, A = 0, the wave equation. Among the classical accounts one finds Volterra [23], Tedone [21 ] , and Hadamard [ll] , while among the more recent papers one might mention Bureau [3; 4] , Diaz and Martin [9] , Lines [15] , and Riesz stein assumed that u(xit t) satisfies certain differentiability conditions with respect to / at i = 0. Under these conditions, he found that a solution exists only if the initial value function/(x.)
is a polyharmonic function of order (1 -k)/2.
The present paper contains another solution of the problem (1), (2), for all k. In §6 a solution for arbitrary/(x¿) is found for the exceptional values ^=-1, -3, • • • . The/derivative of order 1-¿of this solution is logarithmic at / = 0 when/(x,) is not polyharmonic of order ( 1 -k) ¡2 ?
The following method of solution is employed in this paper. Hadamard's "method of descent" is used to obtain solutions of (1), (2) lork = m,m-\-l,m-\-2,
• • • from the known solution for k = m -l. It is then directly verified that the resulting formula gives a solution of the problem for any k with Re k>m -1. This part is in common with Weinstein's procedure [27] . However, the definite integral, in terms of which the solution is expressed for Re k>m -1, is divergent for Re k^m-1. In §4 this integral is continued analytically in k and it is verified that the resulting formula does indeed furnish a solution of (1), (2) for Re Hm-1, with the exception of k= -1, -3, • • • . To avoid misunderstanding, it should be noted that the method used in this paper differs from that used by M. Riesz [19; 20] for solving regular Cauchy problems, although both methods employ analytic continuation of definite integrals. As is well known, M. Riesz uses a modified fundamental solution depending on a parameter a. He obtains the solution by analytic continuation of a Green's identity with respect to a. In the present method the family of differential equations (1) depending on a parameter k is considered, and the solution is obtained by analytic continuation in k. Neither a fundamental solution nor a Green's identity is used. It is true that both methods involve the analytic continuation of integrals which are related to the Riemann-Liouville integral. However, it should be remembered that the analytic continuation of divergent integrals, based on similar principles, but for different purposes, occurs already in Cauchy [ó] (see also Weierstrass [24] where do)m is the element of area of the î»-dimensional unit sphere, and am is the surface area of this sphere (wm = 2irm/2/r(»î/2)). Mixi, r;f) is the mean value of the function / over the surface of the w-dimensional sphere with center at (xi, • • • , xm) and radius r. When m = l, it is understood that the mean value integral in (1) is to be replaced by íix + r) + fix -r)
It is well known that Af(x<, r;f) satisfies the so-called Darboux (sometimes also referred to as Euler-Poisson) equation [l; 7] (-S3- It will now be shown that an appropriate transformation of Mixi, r ; f) yields a solution of the more general initial value problem (1), (2). Using the definition (1) of M, this formula may be written4
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Since/ is twice continuously differentiable, (6) may be differentiated under the integral sign, to obtain
However, from (4) it follows that
for Re k>m-1. Thus m is a solution of (1) for ¿>0. That u also satisfies the initial conditions (2) follows easily from (5') and *(6) may be written u(x¡, t) = (T((k + l)/2)/T(m/2))ti-kI^-m+»l2[M(xi, ß1'2; j)/3(m-2)/2](/2)> as pointed out by the referee, where I'F(t) = (l/r(o))/J(i-/3)«-1
• F(ß)dß is the Riemann-Liouville integral, by putting ß=aH2.
4. Solution of the initial value problem for Re k^m -l. If, for some (xi, • • • , xm, t), it happens that Af(x,-, t;f) ^0, then the integral in the definition (6) of m(x,-, t) does not converge for Re H«-l. In this case, m(x¿, /) will be defined by analytic continuation in A. Let p be a non-negative integer and suppose that for r>0 the m+3 functions Mixi, r;f), Mr, M", and MX{Ii have £ + 1 continuous partial derivatives with respect to r (a simple sufficient condition for this is that/ possess continuous partial derivatives of all orders up to p + 3).
Then, for fixed Xj and t, the function
is of the order (a -l)p+1 near a = l, and a similar assertion holds for ANP, dNp/dt, and d2Np/dt2.
Equation (6) The integral in this formula, and its first two partial derivatives with respect to #,■ and t (which may be taken under the integral sign), all converge for Re k>m -2p -3, while the sum in (12) is an entire function of k. Thus (12) yields an analytic continuation of (6). Moreover, 5. The odd, negative integers. When k approaches an odd negative integer, the solution (12) becomes infinite because of the factor T((k+l)/2).
As has already been pointed out, any function of the form tl~kv(xi, t), with v a regular solution of equation (1) with k replaced by 2 -k, may be added to (12) when k<0. The function will now be determined in such a way that the solution u(xit t) +í1-*íí(x,-, t) [October remains a solution of the problem (1), (2) when A becomes a particular odd negative integer-(2r + l). In formula (12), take p^2r+3 as well as p^im -3 + (2r+2))/2 and suppose that Af(x¿, t; f) has at least 2r+4 continuous derivatives. Then the integral in (12) is of the order t2r+i as /-»0 and (12) gives a solution of (1), (2) for A in the neighborhood of -(2r+l).
Rewriting the finite sum in (12) by expanding M and its derivatives in a Taylor series about / = 0, one obtains ,
It is easily seen that all odd derivatives of M vanish at t = 0, so that one need only sum over even ». From (15) w is an analytic function of k which coincides with v for k = -(2r+1). Thus [T((k + l)/2)]~1u(xi, t)-í1-*w(*:j, t) is an analytic function of k satisfying the differential equation (1) and having a zero at k = -(2r+l). Hence T((k-\-l)/2) times it is regular at this point. That is, u(xí, t)-T((k+l)/2)t1-kw(xi, t) is analytic in k at k = -(2r+l). It satisfies the boundary value problem (1), (2) in the neighborhood of this value and hence also at k= -(2r + l). A solution of the boundary value problem (1), (2) 
